
 

Grouptheory
weekH3 L.ecnre l2

INormalsul sgroups
Recall that a signup HSG is called normed of

Ghg Ie H the H Ag EG

trop the following conditions are egmiralent
Ct H S G is normal

gHgt H Age G
EH Hg V E cG

4 Every left coset of Hin G is also a rightcoat

Proof 4 done last time
C 3 clear multiply both sides on thenight byeitherg org
4 i obvious

4 let gHbe a leftcoset of It in G By
assumption gH Hk for some KEG
Note g g eEgH Hk

gekknltg.ge.ge Hg leg
since asets

i gH Hg
eithercoincide or are disjoint

4TH

Corday Every index 2 subgroup is normal
Proof let HSG be a subgroup of G with

index EG HI 2



Recall EG HI left coset ofH in 63
rightcosets f It in63

this came outof the proof of Lagrange's theorem
where we showed that all assets of Haven bijection

In our situation there are only 2 coset n

G HIGH leftcoset
H 1 Hk rightcoset

gH Hk
By the poop is His normal subgroupofG

Be
Remade All subgroups of an abeliangroup 6 arenormal subgroups Since ghg th th gEG

ghgt cHI VhEH.SE
In particular Wright sets coincide on this
setting

WIm eI leftrightsets and normal non normal subgroups with
an example from linear algebra or fruitfields

Def A field is a commutative ring where every
non zero element is invertible

F t too abeliangp
Fx 1 abeliangp
aCbtc1 a ab ta c

Eg i e Q i R E

Zp p prime



let G CF Ae Matn CF A invertible
A detAFO

Mxnmatrices w enties n f

This is called the General Linear group over F i

the group of invertible linear Theusformatims
of the f vector space f Fn

This grump contains me any interesting subgroups
Such as SL CF I A e GLnCF detCA I

Ker Det GL CF It3

Simplest nontrivial example 22 5913
G CZd Kobi 9.411 73
shoes

1 Mi C to
This grump has size 6 and is wet abelian she eg

Hit 1 1 Cid
Gott lo il pi

In fact c Gb Zz E Ds exercise

This is the only non abeliangroupoforders
the smallest non abeliangroup

Exercise What is the size of GLn Ep

Example let G Gh Za
and H food CPH



Questions 4 Show that His a sabgmpefG
C Compute all its leftand right cosetWhatis EG HI
4 Is It a normal subgroup

Answered
C I 69 the identity matrix

A A A 1 11 1 64 KI r

wt htt EE.EEmet table AXL
3 By Lagrange EG HT 4 3

e Left coats of It
H EM 1 13
C'o H CoD I'd f it
Yi H 19,4411 14.97

Right coats of It
H

Hft il lot Ciotti HEH
HUH 1491 cloth

4 Left costs are not rightcosete except
for It so It is met a normal Snlgroup
by a in Poop above

On the other hand if we take
K 691 it Ho'llD fi D 25

then EG D 3 so Kd 6 enfy kg K AgtG



Illmages poeimages
Let 4 G G be a homomorphism

i

iffikagteagasubset
HEG KHK Eyes f gxB

subset H'EG g CH'T 3 G KNEH't

Props a If HSG then UCH e G
b If HOG then GCHOMG

so if Cesurjective then GCHING
E If H G then 9TH LG
d If HOG then 9 HDOG

Proof can done in a previousclass
b let yeaCG NE CH Then

T ceca Cb for some a e G

yxy 1 96 6lb a JI
be H

Ceca KD dat
abort C H
mo

tf since Haas
in KH 8 G

14,611 exercise

Question Find 6 G G Hob Et KH4G n

ItIfkkernomvyohismletcf.GG be a homomorphism Define
an equiv ree on 9 by

H



def
a rgb Fs 9cal 6lb

6cal ee
cecab e

ETI ab e Ker 6
other

where Ki Ker Y G C e3 Execs ceca _e 3
is the kernel of 9

Prof 1 Raker y is a normal subgroup ofG
2 Ce iz injective torch de3

Proof il x yet cecxy ihecxjycy J el.ec e
i xy IE K so KSG

X Ek yEG y cm xyt 941446451
Ky et cely i e

n YXYTEK Cso KoG

E E obvious
Suppose xyes and 9k126g
then Hy 1 Uk Hy y6cm 6cg 1

9 1.61 5
e

r Xy c Kerce Eel
x y

Remake The kernel of a group homomorphism
is the analogue of the nullspace of a

linear transformation or ofa mafia in blear
algebra


